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INTRODUCTION
Shear-thinning fluids are a special type of non-Newtonian fluids, which show a decrease in viscosity with increasing shear rate, whereas viscosity increases with increasing shear rate for shear-thickening fluids. Majority of synthetic and biological fluids exhibit shear-thinning (e.g.
ketchup, blood, silicone oils and coatings) and shear-thickening (e.g. mixtures of corn starch and water) behaviours. Rayleigh-Bénard convection (i.e. the buoyancy-driven flow of a fluid heated from below and cooled from above, which gives rise to convection cells between the differentially heated horizontal walls) of shear-thinning and shear-thickening fluids in enclosed spaces has a broad range of applications in food and chemical processing, pharmaceutical, biomedical and biological process, oil industry, nuclear and solar power systems [1] . Therefore, a number of studies concentrated on Rayleigh-Bénard convection of shear-thinning and shearthickening fluids [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] in the existing literature. Recently, Darbouli et al. [2] reported that 0.1-0.2% aqueous solutions of xanthan gum exhibit shear-thinning behaviour and analysed the onset of Rayleigh-Bénard convection for shear-thinning fluids in cylindrical enclosures. A significant enhancement of convective heat transfer rate due to shear-thinning behaviour has been observed in the experimental investigation by Inaba et al. [3] and also in numerical simulations by Ohta et al. [4] , which focused on Rayleigh-Bénard convection of shear-thinning fluids in square enclosures.
Power-law model of viscosity is often used to model the shear rate dependence of viscosity for numerical modelling of the Rayleigh-Bénard convection of both shear-thinning and shearthickening fluids [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Therefore, these fluids have been termed as power-law fluids in the existing literature. The main findings of analytical and numerical investigations of the Rayleigh-Bénard convection of power-law fluids are summarised in Table 1. Furthermore, all previous studies (excluding references [2] and [16] ) have concentrated on rectangular enclosures. Amongst these, references [13] and [14] indicate that the convective transport weakens with an increase in aspect ratio (height: length ratio) for Rayleigh-Bénard convection of power-law fluids in rectangular enclosures. As the convective transport rate weakens, the diffusive transport rate strengthens with increasing aspect ratio [13, 14] .
In fact, in most engineering applications, Rayleigh- Moreover, previous findings of Refs. [13, 14] indicated that the boundary conditions of the differentially heated horizontal walls significantly affect the aspect ratio dependence of the mean Nusselt number in rectangular enclosures and thus, both constant wall temperature (CWT) and constant wall heat flux (CWHF) boundary conditions have been considered for this analysis. In this respect, the main objectives of this analysis are:
1. To analyse the influences of , and / on the mean Nusselt number for RayleighBénard convection of power-law fluids in cylindrical annular spaces.
2. To provide physical explanations for the above influences using scaling arguments and numerical results.
The mathematical background and numerical implementation pertaining to this analysis are presented in next two sections. Following this, the results will be presented and discussed before the conclusions are drawn.
MATHEMATICAL BACKGROUND
According to the power-law model the viscous stress tensor is expressed as [7] :
Here, / / is the rate of strain tensor, K is the consistency and n is the power-law index and /2 / is the apparent viscosity. The apparent viscosity decreases with increasing shear rate for 1, whereas for 1 the apparent viscosity increases with increasing shear rate. Thus, fluids with 1 and 1 are referred to as shearthinning and shear-thickening fluids, respectively, whereas is unity (i.e.
1) for
Newtonian fluids. According to the Buckingham's pi theorem in this configuration one gets:
, , , ⁄ , where the nominal Rayleigh and Prandtl numbers for power-law fluids are defined as [8, 9, 13, 14] :
where , , ∆ are the acceleration due to gravity, volume expansion coefficient and characteristic temperature difference. In Eq. 2, Rayleigh number (i.e. ) represents the ratio of heat transfer due to fluid flow induced by buoyancy to thermal transport due to heat conduction, whereas Prandtl number (i.e. ) represents the ratio of momentum diffusion to thermal diffusion. The characteristic temperature difference ∆ can be considered as the difference between hot and cold wall temperatures (i.e. ∆ ) in the CWT boundary condition, whereas ∆ is taken to be ∆ / for CWHF boundary condition.
For the current investigation, the local heat transfer coefficient h is defined as:
The mean heat transfer coefficient and the mean Nusselt number (i.e. ratio of convective and conductive heat transfer) are evaluated as:
The spatial co-ordinates, velocity components, pressure and temperature are expressed in the dimensionless form for steady-state, incompressible flows with constant thermophysical
properties (e.g. , , and ):
where / is the reference velocity scale, is the reference temperature. The cold wall temperature is expressed as reference temperature for the CWT boundary condition, whereas the temperature at the centre of the domain is taken to be the reference temperature for the CWHF boundary condition. The reference temperature difference ∆ is taken to be ( / ) for the CWT (CWHF) boundary condition. The incompressible steady-state mass, momentum and energy equations under the assumption of axisymmetry can be stated as:
Non-dimensional mass conservation equation
Non-dimensional energy conservation equation
Here, the radial coordinate is and axis is taken to align with the vertical direction, whereas the flow is assumed to be independent of the azimuthal direction . The simulation domain is schematically shown in Fig. 1 , which indicates that the two vertical walls of a cylindrical annular enclosure are insulated, whereas the horizontal boundaries are taken to be differentially heated. Equations 6-8 are subjected to the following boundary conditions in this configuration: 
NUMERICAL IMPLEMENTATION
The governing equations of mass, momentum and energy have been numerically solved in the context of finite-volume methodology using a commercial package ANSYS-FLUENT. This commercial package was previously used successfully for simulating power-law fluid flows [8, 9, 13, 14] . A second-order central difference scheme is used for the discretisation of the diffusive terms and a second-order up-wind scheme is used for the convective terms. The wellknown SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [17] is used for coupling of the pressure and velocity components. The convergence criteria were set to 10
for all the relative (scaled) residuals.
The mean Nusselt numbers for laminar Rayleigh-Bénard convection of Newtonian fluids in square enclosures for 10 10 and 0.71 have been compared to the benchmark data [18] in Table 2 . It is evident from Table 2 that an excellent agreement (i.e.
maximum difference in mean Nusselt number is found to be less than 1%) has been achieved between the present results and the benchmark data [18] . Moreover, the variation of / with for natural convection of power-law fluids in square enclosures with differentially heated vertical side walls subjected to CWT boundary condition has also been compared to the corresponding results presented by Ref. [19] and an excellent agreement (i.e.
maximum difference in mean Nusselt number is found to be less than 1%) was also obtained (see Fig. 2 of Ref. [20] ). This difference might have occurred due to a different mesh density between the studies.
It is also worth noting that minimum and maximum levels of are taken to be Table   3 . The maximum numerical uncertainty associated with the mean Nusselt number for both Newtonian (i.e. 1) and power-law fluids (i.e. 0.6 1.8) cases has been found to be smaller than 1% between M2 and M3 meshes for the range of parameters (i.e. 0 / 16, 0.25 4, 0.6 1.8 and 10 10 at 10 ) considered here (see Table 4 ) . The M2 mesh configuration has been used for each for the sake of sensitivity of results and computational economy. Moreover, it has been ensured that a change in the It is worth noting that three-dimensional simulations are considerably more expensive than twodimensional calculations. For example, three-dimensional simulations with grid size 50 50 100 is typically 10 times more expensive than the corresponding two-dimensional simulations with mesh M2 for shear-thinning (i.e. 1) fluids (e,g. CPU time is 36 minutes and 10 hours for two-and three-dimensional simulations is for 0.8, 10 , 10 1 and / 1 in the CWT configuration). Here, it is worth noting that the mesh is considerably finer in two-dimensional analysis (e.g. number of nodes 57600 (240×240)) than that in the corresponding three dimensional simulation (e.g. total number of nodes 2.5×10 simulations are not sufficiently optimised and has much smaller mesh density than used for two-dimensional simulations. Furthermore, the grid for three-dimensional simulations has curvature in the azimuthal direction, whereas the grid for two-dimensional simulations is free from any curvature effects. All these effects lead to slight differences between the mean
Nusselt number values between two-and three-dimensional simulations.
It has been demonstrated earlier [13, 14, 16, 21, 22] that the initial conditions significantly affect the steady two-dimensional solutions for Rayleigh-Bernard convection of Newtonian Yigit et al. [13] reported the nature of the instability is sub-critical for shear-thinning fluids (i.e.
1) in the configuration analysed here. The viscosity assumes quite large value for shearthinning fluids (i.e. 1) in the quiescent condition. Shear-thinning fluids behave solid-like and viscosity sharply decreases with increasing shear rate from quiescent condition. Thus, it is important to analyse the influences of the initial conditions in the current configuration.
SCALING ANALYSIS
A detailed scaling analysis is conducted to explain the influences of , , , , / on the mean Nusselt number . Equating the order of magnitudes of inertial and viscous terms in the vertical (radial) direction yields:
It is possible to estimate hydrodynamic boundary layer thickness for 0 , where and are the vertical and horizontal velocity components respectively and accordingly and are the hydrodynamic boundary layer thickness on the vertical and horizontal walls, respectively.
Similarly, equating the order of magnitudes of inertial and buoyancy terms yields ~ and ~ / ~ / for the CWT and CWHF boundary conditions, where the function , , , , / represents the ratio of hydrodynamic and thermal boundary layer thicknesses (i.e. / ) on the horizontal walls. Using the above scaling of in Eq. 9i yields estimates of in the following manner:
Using continuity equation for axisymmetric geometry, one gets: The mean Nusselt number can be estimated by using the wall heat flux scaling ~ ∆ / as:
Equations 18i and 18ii imply that the exponent of Rayleigh number increases with decreasing but the exponent remains positive for the range of the values of considered here. Thus, the mean Nusselt number is expected to increase with an increase in nominal Rayleigh number.
Moreover, the mean Nusselt number is expected to increase with a decrease in power-law exponent.
RESULTS & DISCUSSION

Effect of nominal Rayleigh number and power-law index
The variation of mean Nusselt number with nominal for 0.6 1.8 at / 1.0, 0.5 and 10 is shown in Fig. 3 with representative streamline patterns and isotherms for both established (E.F.) and quiescent (Q.F.) flow initial conditions in the case of both CWT and CWHF boundary conditions. Figure 3 shows that monotonically increases with an increase in for both shear-thickening (i.e. 1) and Newtonian (i.e. 1) fluids regardless of the initial and boundary conditions. By contrast, the variation of with is sensitive to the both initial and boundary conditions for shear-thinning (i.e. 1) fluids.
The variation of with is sensitive to the both initial and boundary conditions for shearthinning (i.e. is also worth noting that the findings of Fig. 3 can be confirmed by the scaling estimation given by Eq. 18 (i.e. increases with an increase in nominal Rayleigh number, whereas is expected to decrease with increasing power-law exponent.
Effect of aspect ratio
The variation of with for different values of and is shown in Fig. 4 
where the first term on the right-hand side represents the effects of convective transport, whereas the second term on the right-hand side accounts for thermal conduction. Here, and can be scaled in the following manner by using Eqs. 9-13:
Eqs. 20 and 21 suggest relative weakening (strengthening) of the contribution of ( ) to the overall thermal transport with increasing for both shear-thinning (i.e. 1) and shear-thickening (i.e. 1) fluids for both CWT and CWHF boundary conditions. The weakening of the convective transport can also be explained by the reduction of the magnitude of horizontal velocity component with increasing (see Eq. 12), which suggests that the first term on the right hand side vanishes for large and under that condition the heat flow rate in the horizontal direction vanishes altogether because of adiabatic boundary condition for the vertical walls. This suggests that no heat transfer within the fluid takes place in the horizontal direction and thermal transport only takes place in the vertical direction, which is only realisable under pure conductive transport. fluids independent of boundary conditions. Therefore, for shear-thickening (i.e.
1)
fluids is expected to attain smaller values than that obtained for Newtonian (i.e. 1) fluids for a given set of values of , and for both CWT and CWHF boundary conditions. Turan et al. [9] proposed correlation for mean Nusselt number , , / , and initial condition severely limit the usefulness of a correlation for for CWT boundary condition for both rectangular [13] and cylindrical annular enclosures, and therefore is not attempted here for CWT configuration.
Effect of /
4. Onset of convection of power-law fluids
It is well-known that a threshold value of nominal Rayleigh number needs to be exceeded for the [13] ).
An increase in induces high magnitudes of shear rate due to enhanced buoyancy force, which in turn weakens the resistance to fluid motion for shear-thinning fluids (i.e. 1) due to reduced viscosity and strengthens the convective transport. This is responsible for an abrupt increase of 1 from 0 with an increase in during the onset of convection and also for a rise in 1 values with increasing . found to be consistent with previous findings [11] . Table 5 lists the critical Rayleigh number for the onset of convection for shear-thinning and Newtonian fluids and the threshold Rayleigh number for which values deviate from unity in the third decimal place (i.e. 1.001) for shear-thickening fluids which are consistent with previous findings of Refs. [13, 14] for the CWT and CWHF boundary conditions, respectively. It is also worth noting that all the simulations have been used to find had a simple single roll flow pattern within the flow domain. Table 5 indicates that and remains largely independent of / for different in the both CWT and CWHF boundary conditions but for ⁄ 0 has been found to be slightly smaller in the case of CWT boundary condition. Therefore, the correlations proposed in Refs. [13, 14] for and in the case of laminar Rayleigh-Bénard convection of power-law fluids in rectangular enclosures (i.e. ⁄ → ∞) are listed in Table 6 , which shows that these correlations can also be used to predict and in the case of cylindrical annular enclosures for both CWT and CWHF configurations. Finally, the critical Rayleigh number for the onset of convection of power-law fluids has been found to be largely independent of / for both CWT and CWHF boundary conditions. at / 1, 10 , 1 and 10 for CWT boundary condition. Table 6 : Summary of and correlation proposed in [12, 13] for both CWT and CWHF boundary conditions. 
CONCLUSIONS
